We present a dynamical model for the rapid change in relative emission from traps and supertraps in molecular solids when the trap concentration is varied. Good agreement between experiment and the theoretical model is obtained in all cases. The physical picture of this model is similar to that of a percolation model and contrasts with the model based on a transition from localized to extended states.
I. INTRODUCTION
In recent years, there has been considerable interest in the emission (both fluorescence and phosphorescence) from two kinds of impurities in solids when their concentrations are varied. [1] [2] [3] In order to be consistent with current usage, we call the impurity with lower energy level the supertrap and that with the upper energy level the trap. The interest in these experiments has been triggered by the dramatic increase in the supertrap emission as the trap concentration increases; at some "critical" concentration, the emission intensity from supertraps equals that from traps even though the supertrap concentration is orders of magnitude smaller than the trap concentration. For example, the critical mole fraction for naphthalene-he in naphthalene-de (with i3-methylnaphthalene as supertrap) is -O. 4 for the singlet state and -O. 07 for the triplet state. I The critical concentration appears to depend weakly on the supertrap concentration, and strongly on the lifetime of the excited state.
1 .2.
Kopelman
1 has presented a "dynamic percolation" theoretical model which fits the data on naphthalene and in which the lifetime plays an important role. Klafter and Jortner 4 have presented another model which suggests that below a critical trap concentration, the excited energy levels of the trap impurity band are localized, while above this concentration, these levels are extended (as in the Anderson transition modelS). When the levels are extended, the excitation can migrate through the solid and find a supertrap; hence, the supertrap emission suddenly increases. For a comparison of these two theoretical models, see the article by Kopelman and Monberg. 6 In this paper, we present a Simple theory based on a hopping mechanism of excitation transfer. It is close in spirit to the work of Kopelman but does not attempt to take into account the clustering and detailed structure of the solid as Kopelman does. The present model, however, leads to an explicit prediction for the dependence of the critical concentration on supertrap concentration and excited state lifetime.
The paper is structured as follows: Section II has alSupported in part by the National Science Foundation. blOn leave from the Technische Universitlit M'Unchen; work supported by the Deutsche Forschungsgemeinschaft.
the solution of the kinetic equation that the quasi-twolevel system (traps and supertraps) obeys when a nonradiative energy transfer between the levels exists. The solution fits the observed dependence of the fluorescence intensity if the energy transfer rate depends strongly on the concentration. A brief comparison of the experimental data to the theoretical expression is also included. In Sec. III, we derive the trap to supertrap energy transfer rate by assuming a hopping mechanism among the traps and the trapping of the excitation at the supertraps. We evaluate the hopping rate and the trapping rate from the expressions of Inokuti and Hirayama, 7 taking into account both multipole and exchange interactions. We also treat the case in which the interactions are not three dimensional in character. We find that the energy transfer rate is strongly dependent on the trap concentration and linearly dependent on the supertrap concentration (in the low supertrap concentration limit). In Sec. IV, we present a detailed discussion of the experiments. From the value of the critical trap concentration, we find the value of the microscopic interaction parameters. Section V summarizes our conclusions.
II. THE KINETIC EQUATION OF THE SYSTEM OF TRAP AND SUPERTRAP MOLECULES
We start our considerations by assuming a single macroscopic model for the populations of excited trap and supertrap molecules, which will be denoted by Nl (t) and N 2 (t), respectively. Let their total number be N[ and N~; their decay rates in the absence of energy transfer be Til and Tal, where TI = (TI.ra.Jql andql is the quantum yield of the trap in the absence of energy transfer; and let Ti\ be the rate of nonradiative energy transfer from traps to supertraps. If the energy difference between trap and supertrap is aE, then the back transfer rate from supertraps to traps is (Ti\. In the case that f3AE» 1, we find
In the case of the sudden illumination, i. e., a short pumping signal of high intensity, one has to solve Eq. (2. 1) and (2. 2) with R (t) '" 0 and the initial condition N 1 (0) =~, N 2 (0) =0. With the usual ansatz Nj(t) =~ e-~I, one obtains the following for A: 
so that, if Til» T 1-1 + T~~, the relative radiative intenSity from the supertraps is again given by Eq. (2.5).
We consider now Eq. (2.5). Assuming that TET depends strongly on the trap concentration, e. g., according to a power law well obeyed by the singlet and by the triplet excitons in benzene and in naphthalene.
In the next section, we show that relation (2.9) follows readily from the hopping model of energy migration if the interactions are of the multipolar type; we also calculate TET in the case of exchange-type interactions and find it to depend very strongly on the trap concentration. In Sec. IV, we discuss the values of clla and r found in different systems and show them to agree with the microscopic transition rates. Thus, our approach [Eq. (2.10)] provides a simple, unified way to understand the experimental results.
III. HOPPING MODEL OF ENERGY TRANSFER
In this section, we will derive the rate of transfer TilT from the traps to the supertraps under the conditions that the microscopic energy transfer from one molecule to another is either of the multipole type
In the above equations, n(R) is the probability of excitation transfer from an excited molecule to a nonexcited one (trap or supertrap), d is the next-neighbor distance, and R the distance between donor and acceptor.
Tl denotes the rate of transfer from a trap molecule to a nearest-neighbor trap mOlecule (Tt~) or to a nearest-neighbor supertrap molecule (T~); sand 0: are a measure of the dependence of the transfer rate on distance; s is 6, 8, or 10 for dipole-dipole, dipole-quadrupole, and quadrupole-quadrupole interactions, respectively.
The physical picture is that the energy is transferred among the traps by processes (3.1) or (3.2), so as to correspond to a random walk among the randomly distributed trap molecules. The process is interrupted by the energy being also transferred to a supertrap. Only the last step causes a change in the macroscopic equations (2.1) and (2.2), since trap-trap energy transfer does not affect N1 or N z • The energy level of the supertrap is lower than that of the trap, so that the transfer from a trap to a supertrap is exothermic and always possible. The reverse process necessitates the assistance of heat bath phonons, and is thus by the factor N[/Nr exp(-(3t:J..E) less probable.
While the trap-trap energy transfer is a quasiresonant transfer , the transfer from a trap to a supertrap necessitates the creation of bath phonons, and is generally slower. Thus, the trap-trap transfer will be the usual mechanism; the energy transfer probability to a specific supertrap is only then appreciable, if the particular supertrap is very close to the path of the excitation.
The mathematical formulation of the problem thus involves two steps (as in Sakun, 9 Imbusch, 10 and Blumen, Manz, and Yakhotll). One is the evaluation of the probability that a trap is still excited at a time t if it was excited initially, assuming the de-excitation to be of the type (3.1) or (3.2). This leads in a straightforward manner to a value for the hopping time. The second step is calculating the probability that during this time the excitation may be transferred to a stlpertrap. A cqmbination of both mechanisms leads then to the determination of T ET' Interactions (3.1) and (3.2) assume that the probability of energy transfer is isotropic. The explicit inclusion of nOnisotropic interactions in the following treatment would obscure the approach considerably. We find it Simpler to mimic the behavior of materials which exhibit an extremely strong directional dependence of the energy transfer mechanism by assuming the energy motion to occur isotropically in a space of lower dimensionality, i. e., to suppose the transfer of energy to occur in plane or along an axis. We will exhibit explicitly the form of the transfer rates for dimensionalities 3 and 2 (3 is the Inokuti and Hirayama case) since the extension of the formulas to other dimensions is then straightforward. We show then that the main impact of the nOnisotropic interaction is to modify the exponent r in Eq. (2. 10).
Consider now an excited donor interacting with N randomly distributed acceptors (traps or supertraps) through nCR) [Eqs. (3.1) or (3. 2)] and that the density of excited molecules is low. The probability of finding that molecule still excited at time t is N a(t) = II e-'"(B.) ,
where we assumed the transfer probabilities to be independent; R. denotes the actual site of each acceptor.
The ensemble average of (3. 3) is in two dimensions. V and A are the volume and area over which the integrations extend, respectively, p is the density of acceptors, and Wyand W A are the probabilities of finding an acceptor at distance R. Integrating in Eqs. (3.4) and (3.5) up to a maximal radius Ry and RA and taking the limit leads to
For nCR) given by Eq. (3.1), the integrations in the exponents of Eqs. (3.6) and (3.7) can be readily performed:
The last relations in Eqs. (3.8) and (3.9) follow by partial integration or by using the Cauchy and Saalschutz representation of the gamma function. 12
Thus, We are now in the position to evaluate TET from Eqs. (3. 12)-(3. 15). To fix the ideas, we perform the derivation for the case of a multipolar interaction in two dimensions; the other results follow in the same fashion, and we will only quote them.
Consider therefore that the traps interact between themselves according to the law for R in plane, otherwise.
(3. 16)
If we define the time that the energy spends on a trap Too» somehow arbitrarily as
we obtain from Eq. (3.11)
Thop = T t/{1Td 2 Ptr r[1 -(21 s)J}·/2 • (3.18)
Here we have assumed that the trap-trap transfer is a more probable event than the trap-supertrap transfer. The probability of transferring the energy to a supertrap during T hop is given by (3.19) where ¢1St is the probability that an excited trap molecule has not transferred its energy to a supertrap molecule in the absence of all other trap molecules. ¢at is therefore given by a formula like Eq. (3.11) or (3.15) except that p, T, a, and s are replaced by Pat> Tat' aat> and p (see below). If the trap-supertrap also obeys a 20) then the probability of the energy being captured by a supertrap during T!x>p is 
41Td3) (sla)[ (3/p) -1 J-1 T =p-1p(-sI3).(sIP)T1-<3/i» T3/P --

ET at t r t r o t 3 x{r[1-(3/s)]}(SI3)[(3/Pl-lJ{r[1_ (3Ip)]}-1
=const. 
IV. APPLICATION TO ENERGY TRANSFER EXPERIMENTS
In this section, we will apply the results of Sec. III to the experiments on benzene triplets and singlets, 2 naphthalene triplets and Singlets, 1 and phenazine trip- (Ttr/Tt)ellP 10-10 2x 10-3 10-".1 3X10-".l lets. 3 A brief description of each experiment is given and then the model applied to it.
A. Benzene
Crystals of benzene-de with varying concentrations of benzene-he (acting as a trap) and small concentrations of pyrazine (acting as supertrap) were used. The fraction of the total phosphorescence or fluorescence provided by the supertrap was plotted versus the concentration of the trap. 2 Typical sigmoid curves arise with critical concentrations (i. e., the concentration at which the emission from the trap and supertrap are equal) of approximately 2.8% for the triplet and 35% for the singlet.
2 The values of the parameters for this system are given in Table I . By using an effective s, i. e. , range of energy transfer, which is consistent with the experimental data plotted in Fig. 1 , and a single parameter TtjTI> we are able to fit the benzene results very well. We have assumed that T tr '" Tat in these calculations so as to have fewer adjustable parameters. The parameter TtjT I is equal to k/k tr , i. e., the ratio of the rate of decay of the state to the rate of energy transfer. We note that the rate of decay of the triplet state in benzene is -lO e slower than that for the singlet, and the parameter T t /T 1 needed to fit the data is -10 7 larger for the Singlet state. Thus, the values of k tr for the Singlet and for the triplet are close in magnitude, in agreement with the measured intermolecular interactions in these states in the crystal.
2 This shows the importance of the lifetime of the excited state for determining the critical concentration in our model.
B. Naphthalene
Crystals of naphthalene-de with varying concentrations of naphthalene-he and a small amount (-10- /3-methylnaphthalene impurity were used. The fraction of total emission provided by the supertrap plotted versus trap concentration gives the signoid curves of Fig. 1 . In this case, the critical concentrations for triplet and singlet were -O. 06 and 0.45, respectively.
Using an effective s of 14 and T tr/T1 as given in Table I, the agreement between experiment and theory is good. However, in this case, the agreement is better for twodimensional than for three-dimensional energy transfer. Here again, the values of T tr for the singlet and triplet are close even though the values of T t/ T 1 differ by five orders of magnitude, once again showing the importance of lifetime effects. In both the benzene and naphthalene cases, we have used s = 14, which is consistent with the data. The best value of T tr /Tl of course depends on this choice. We felt it was better to use the same s for all four of these experiments in order to show the lifetime effect more clearly. The scatter in the experimental data makes a better choice of s impossible.
The equations using the exponential model for n(R) [Eqs. (3.33) and (3.34) ] have also been used to fit the data. The values of ad and (T tr/T 1) which result are given in Table I 
C. Phenazine triplets
In this case, the trap is phenazine-h s and the supertrap is a dimer of phenazine-h s ' Since the intermolecular interaction for nearest-neighbor equivalent penhazine molecules along the axis is 4.3 cm-1 , 13 the supertrap (dimer) is 4.3 cm-1 below the monomer. These experiments were done at a number of temperatures and thus there is much data. However, the thermal detrapping from the supertrap overwhelms the effects of energy transfer in most cases.
In Figs worst at a concentration of 2%. The stated error in the concentration is 0.6%; using a concentration of 2.6% yields marginally better agreement. The alternative explanation offered by Klafter and Jortner 4 and used by Smith et al. 3 is that an Anderson transition takes place at -5%;, and that above this concentration, a kinetic model is correct.
v. CONCLUSIONS AND SUMMARY
In this paper, we have presented a kinetic model of the excitation transfer in highly doped molecular crystals which fits the experimental data well. The basic ideas are that (a) trap to trap transfer takes place via either a multipole or exchange mechanism (in which the host molecules may playa role), (b) trap to supertrap transfer also occurs via one of these mechanisms, (c) trap to trap transfer (hopping) takes place until either the trap emits a photon or a trap to supertrap transfer occurs, and (d) we have allowed for back transfer. This model predicts that the trap lifetime plays a crucial role in the relative amount of trap and supertrap emission, and also predicts a dependence on the supertrap concentration.
Another important assumption here is that the site energies of traps participating in trap to trap transfer are within k B T of each other. This assumption allows trap phosphorescence, versus l/T for three concentrations: 2%, 5%, and 6%. We also fit these data to th~ form of Eq. (2.4), with the dimer radiative lifetime equal to one half the monomer radiative lifetime. This follows if the dimer state is the + combination, as suggested by Zewail. 13 Since the supertrap-trap energy separation is 4.3 cm-1 , we then have
where x is the mole fraction of phenazine-h e and (1 -2x)/ x is the ratio of mole fraction of monomer to dimer phenazine-h e • USing this formula, we find that T ET/T 1 ~ 1. 2-1. 5 at 2%, 0.08-0.20 at 5%, and 0.01-0.10 at 6%. These lead to a value of T t j T l =10-9_10-10 for s = 14, which is very close to that for benzene and naphthalene triplets.
When this value is used to compute IdlmejImoDlJmer (=1 2 /1 1 ) as a function of concentration using Eq. (4.1), we find the result plotted in Fig. 5 . The data of Smith et al. are also plotted. The agreement is good.
The agreement between experiment and our theory is us to use the FCirster-Dexter 8 transfer expressions. For the temperatures of interest (r-2-4 K) and the systems of interest (where the inhomogeneous broadening is substantially less than 1 cm-1 ), this seems a good assumption.
We .note also that the rate of energy transfer from trap to supertrap is very small (of the order of the radiative lifetime) and the rate from trap to trap is also small at trap concentrations below critical.
A word should be said about the values of Tlr necessary to fit the data, where T Ir is the rate of energy transfer from trap to nearest-neighbor trap assuming that the mechanism of transfer does not change at the nearest-neighbor distance. These values of T Ir imply certain values of the distance Ro at which energy transfer rate is equal to the radiative rate. For singlet states, Ttr-10-10_10-12, S =14, and the fluorescence lifetime is -10-7 s, giving Ro-2d. For triplet states, we find Ro -(3-5)d. These are qualitatively correct values, and nothing more quantitative can be said.
Finally, we note that the predictions of this model (i. e., dependence on supertrap concentration and trap lifetime) can be tested experimentally, and the validity of the model examined.
